This paper presents a new
Introduction
Most computer vision research is concerned with rigid surfaces, whether static or moving. Motion research has usually assumed either that the object is strongly textured, or that the shading remains unaltered under motion. This paper presents work using the different assumption of Lambertian reflectance, as often assumed in shape from shading techniques, to enable the interpretation of a simplified case of non-rigid surface motion -a reduced dimension case, in which the surface motion may be considered to be that of a curve in a plane.
Presentation of the new method will be preceded by a description of other computer vision work involving non-rigid surfaces. using Taylor series expansions (in space and time) of both image flow and surface patch, as per the rigid motion analysis presented, may be extended to the case of "arbitrarily time-varying 3D scenes".
Previous Non-rigid Object Research
Ullman's work considers the case of a discrete time sequence of images, under orthographic projection, containing corresponded tokens. For each new image a 3-D structure (initially flat) is hypothesised based on an optimisation process which minimises the sum of the squares of changes in 3-D inter-token distances between images. When this method works for a rigid structure the hypotheses converge on the true structure or its reflection about the image plane -equally valid solutions under orthographic projection. The method admits the possibility of calculating non-rigid structures in motion, but even for rigid structures the rate of convergence is highly dependent on the amount by which the viewpoint changes between images. It is of course reasonable to have problems when the sampling rate is inadequate relative to the motion, but less acceptable may be the instability in the limiting continuous time case illustrated by Grzywacz and Hildreth 6 in their paper based on Ullman's method.
Koenderink and van Doom's work considers the case of point motion in continuous time, under perspective projection, where the points are assumed to be on a surface undergoing a bending (isometric) motion. This is approximated, using a difference geometry approach, by hinged planar facets, and the constraints on the motion at a single vertex considered. It is shown that partial shape information (with a relief ambiguity) may be recovered from the point motions and derived estimates of differential invariants of the motion field.
Chen and Penna's work considers the case of two corresponded images under perspective projection of the same surface, which has undergone an isometric transformation between images. A Taylor series expansion for the 3-D surface motion around any point is then recovered from the correspondence, the equations of the projection, and surface shape information (nominally recovered by three source photometric stereo).
Terzopolous et al consider a discrete time series of stereo image pairs of a deforming object. The occluding contours are used to constrain the shape of a symmetryseeking deformable model (with motion damping); thus instantaneous shape and non-rigid motion are recovered. It is intended to extend the method to use other constraints, such as reflectivity.
Interpretation of Cylindrical Stretching Motion
Consider an arbitrarily smoothly deforming Lambertian surface viewed under orthographic projection from the x direction, as illustrated in figure 1.
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Figure 1
It will be shown how the expression for the change in intensity in the image due to surface motion may be used under certain assumptions to directly provide estimates of components of the surface velocity. As the temporal derivatives would normally be found from differencing discrete time images, an alternative to the proposed method would be to calculate the surface structure explicitly for each image, then calculate a correspondence to estimate the velocities.
For a Lambertian surface, the image intensity corresponding to a point on the surface, will be :
(1) where / = image intensity (assuming appropriate sensor calibration) p = surface albedo, hereafter absorbed into I for convenience L = light source vector n = unit normal vector on the surface Assuming the albedo to be unaffected in a motion, the change in intensity at the (changing) image point corresponding to a given point on the surface is :
where the vector fields co (angular velocity), and n are defined on the surface, as is v (translational velocity).
Considering a fixed image point, the change in intensity is:
where the dot notation (eg d) is used for differentiation wrt time. V/ represents the 3-D gradient of the intensity.
The above contains reference to co, which may be re-expressed in terms of spatial derivatives of the velocity field as follows (from Weatherbum 7 -8 ):
where for any vector field 0, defined on a surface r 30p arameterised in terms of a and p\ letting G_i denote 30 and 02 denote rrr, and similarly for r_j and Li '• dp
E, F and G are the coefficients of the first fundamental form, and the integral of H gives the area of a region. If we assume the surface is parameterised in terms of its (unit speed) lines of curvature, F is zero, and E,G andH are all unity. Thus:
Vx9= [rix (7)
Analysis of this general case is the author's current research topic, but this paper continues with the reduced dimension special case where the surface is moving so as to be cylindrical, with the generators aligned with the zaxis, the surface may be considered to be a curve in motion in x and y, ( hence the paper's subtitle ), see figure 2.
Thus, the curl of the velocity field is given by: Clearly if this equation were used to attempt to solve for the velocity of the surface, assuming all other quantities known from a static analysis (eg shape from shading and stereo contour 9 ), the determination of the velocity would be "ill-posed" as the equation imposes no constraint upon v ( . Hence analogously to the problem of contour motion considered by Hildreth 10 , a further constraint must be introduced. As the stretching of the arc is that in the physical world, not that of the image, the method of stretch-minimising, (as opposed to say velocity smoothness), is used. This is done in the standard regularisation framework (see eg 11>12 ), v, and v B being determined to minimise the following, where X is the regularisation parameter:
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This is a pair of coupled second order partial differential equations (PDEs) in v, and v B , for which a numerical method of solution may be attempted, given the boundary values of v, and v B . The use of central finite difference approximations leads to a sparse system of linear equations, which would be best solved by a method exploiting the near-diagonal form; however a more general partial pivoting method (from Conte and de Boor 14 ) was used in the implementation to allow for the possible use of other types of constraint, which might change the structure of the equations.
Two test cases were tried on perfect data, ie the value of all the coefficients (/" / etc) in the PDEs was assumed to be exactly known, as were the end velocities (obtainable from eg stereo-motion). These tests constitute only a check on the analysis -they are far from an application of the method to real image data. The cases both consisted of a circular arc, (representing a circular cylinder), moving so as to remain circular. In the first case the arc bends without stretching, in the second it stretches uniformly without changing curvature, see figure 3. The numerical results from two examples of each case are presented in the Appendix. The examples of bending motion illustrate that as the correct value of the regularising term is zero, the solution found matches the true velocity. The examples of uniform stretch show that the solution found tends to the true velocity as the regularising parameter is decreased, causing the method to become similar to minimising the stretch term subject to the intensity change equation as a constraint, when the Preliminary tests of the method on synthetic data representing the discrete time and quantised noisy measurements inherent in machine vision systems suggest that ths use of regularisation has resulted in a method which doesn't "blow up" the errors excessively. However, even the basic input of intensity rate is not usually measured accurately and the method relies upon measurement of such quantities as surface curvature, the accurate estimation of which remains a research topic. The range of surface smoothing and fitting techniques currently being developed by other workers (eg L.D.Cai in this department) may at least improve performance in the measurement of such quantities. Note that the third order differential term -r-is a result of the problem ds being solved in terms of v, and v a , rephrasing for v, and v, eliminates this term.
Conclusions
It has been shown how consideration of the intensity change induced by a Lambertian surface in motion leads to a restriction upon the possible motion giving rise to that changing intensity pattern. This restriction, combined with an assumption of stretch minimisation has allowed the estimation of surface velocities for the (suitably viewed) case of cylindrical motion. Given perfect input data, these estimates match the true velocities in such important cases as pure bending motion, and uniform stretching motion. Normal ve Theta -4.00e-02 -3.00e-02 -2.00e-02 -l.OOe-02 0.00e+00 l.OOe-02 2.00e-02 3.00e-02 4.00e-02 1 ve1oc i ty so es t imate -4.0000e-02 -3.0000e-02 -2.0000e-02 -1.0000e-02 -1.4311e-16 1.0000e-02 2.0000e-02 3.0000e-02 4.0000e-02 locity soluti es t imate -8.6810e-14 -1. 5581e-13 -2.0649e-13 -2.383U-13 -2.5072e-13 -2.4312e-13 -2.1492e-13 -1.6545e-13 -9.4045e-14 lution:
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